Abstract. Let Y be a principal homogeneous space of an abelian surface, or a K3 surface, over a finitely generated extension of Q. In 2008, Skorobogatov and Zarhin showed that the Brauer group modulo algebraic classes Br Y / Br 1 Y is finite. We study this quotient for the family of surfaces that are geometrically isomorphic to a product of isogenous non-CM elliptic curves, as well as the related family of geometrically Kummer surfaces; both families can be characterized by their geometric Néron-Severi lattices. Over a field of characteristic 0, we prove that the existence of a strong uniform bound on the size of the odd-torsion of Br Y / Br 1 Y is equivalent to the existence of a strong uniform bound on integers n for which there exist non-CM elliptic curves with abelian n-division fields. Using the same methods we show that, for a fixed prime ℓ, a number field k of fixed degree r, and a fixed discriminant of the geometric Néron-Severi lattice,
Introduction
Let k be a field of characteristic 0, and let k/k be a fixed algebraic closure. Let , where b 2 is the second Betti number of Y , and r denotes the rank of the Néron-Severi group of Y . In particular, Br Y is infinite, because k has characteristic 0 and ω Y ∼ = O Y so we have b 2 − r ≥ 2. In stark contrast, the group im Br Y → Br Y is finite whenever k is a finitely generated extension of Q; this is a remarkable result of Skorobogatov and Zarhin [SZ08] . We are interested in the existence of bounds for the size of im Br Y → Br Y as Y varies in a family with fixed geometric properties. Question 1.1. Let k be a field that is finitely generated over Q. Let Y be a smooth projective surface over k with trivial canonical sheaf. Is there a bound for (i) When k is a number field and Y is a K3 surface, the existence of bounds for # im Br Y → Br Y that can depend on Y has been studied previously; see [SZ12] and [New16] for the case of product Kummer surfaces, [HKT13] for the case of K3 surfaces of degree 2, and [CFTTV] for Kummer surfaces associated to Jacobians of genus 2 curves. We study Question 1.1 for the following particular families of smooth projective surfaces: (EC) For all positive integers r ′′ , there exists a B ′′ = B ′′ (r ′′ , d) such that for all fields k ′′ /F with [k ′′ : F ] ≤ r ′′ and all non-CM elliptic curves E/k ′′ with a k ′′ -rational cyclic subgroup of order d, by Kamienny [Kam92] , Merel proved the strong uniform boundedness conjecture for elliptic curves: given a positive integer d, there is a constant c := c(d) such that #E(k) tors < c(d) for all elliptic curves E over any number field k of degree d [Mer96] .
Among smooth projective curves, elliptic curves are precisely those that have trivial canonical sheaf. Surfaces with this property fall into two geometric classes: K3 surfaces and abelian surfaces. Hence, one might wonder if there is an analogous statement of Merel's theorem that holds for both of these classes of surfaces. The chain of group isomorphisms,
tors is a plausible replacement for E(k) tors . This group is precisely im Br Y → Br Y , and Skorobogatov and Zarhin's finiteness result for it is a suitable replacement for the finiteness of E(k) tors . In this light, Question 1.1 asks whether the analogous statement of Merel's theorem holds for K3 surfaces and principal homogeneous spaces of abelian surfaces, after possibly fixing a Néron-Severi lattice; Theorem 1.5 and Corollary 1.6 are analogues of Manin's result for particular lattices.
1.1.3. Moduli of K3 surfaces with level structure. Uniform boundedness statements for torsion on elliptic curves are equivalent to statements about the lack of (noncuspidal) rational points on certain modular curves of high level. These curves parametrize isomorphism classes of elliptic curves with torsion data. As the level of the torsion data increases, uniform boundedness requires that the corresponding modular curves all have positive genus; having genus at least 2, i.e., being of general type, is desirable in view of Faltings' Theorem. To investigate uniform boundedness of Brauer classes on K3 surfaces, one could start with the analogous purely geometric question: what is the Kodaira dimension of the moduli spaces of K3 surfaces that parametrize high-order Brauer class data?
To have a reasonable moduli theory of K3 surfaces, e.g., to obtain coarse moduli spaces that are schemes of finite type over an algebraically closed field, one must first fix some polarization data. Typically, one fixes a lattice Λ of signature (1, r) with 1 ≤ r ≤ 19 that can be primitively embedded in the K3 lattice U ⊕3 ⊕ E 8 (−1)
⊕2
and considers K3 surfaces whose geometric Néron-Severi group NS X contains Λ. To these lattice-polarized moduli spaces, one adds level structures coming from the Brauer group, e.g., a cyclic subgroup of order n of the Brauer group. McKinnie, Sawon, Tanimoto, and the first author show that when n is prime these moduli spaces have 3 or 4 components, depending on n and the polarization [MSTVA17] . One component is always isomorphic to a moduli space of K3 surfaces of higher degree, and, for some values of n, another is isomorphic to a moduli space of special cubic fourfolds. Kodaira dimension estimates in [GHS07, TVA] show that such components are of general type for n ≫ 0. This has led the first author to make the following conjecture.
Conjecture 1.10 ([VA17, Conj. 5.5]). Fix a number field k and a lattice Λ together with a primitive embedding Λ ֒→ U ⊕3 ⊕ E 8 (−1) ⊕2 . Let X be a K3 surface over k such that
Recent conditional work of the first author with Abramovich [AVA, AVA17] is aimed at exploring the plausibility of the analogous conjecture for torsion on abelian varieties.
1.2. Outline. In §2 we classify K3 surfaces X such that NS X ∼ = Λ d . In §3, we build on work of Skorobogatov and Zarhin [SZ12] to relate the Brauer group of such K3 surfaces and the Brauer group of principal homogeneous spaces of abelian surfaces to Galois equivariant homomorphisms between the n-torsion of isogenous non-CM elliptic curves. Then, we prove results on Galois equivariant homomorphisms between the n-torsion of non-CM elliptic curves ( §4) and on related Galois equivariant endomorphisms ( §5). Finally in §6, we state and prove our main results.
1.3. Background and notation. For a rational prime ℓ, we write v ℓ for the corresponding ℓ-adic valuation. For any integer n, we let n odd := n · 2
denote the odd part of n. Given two positive integers a and b, we let gcd(a, b ∞ ) := max n {gcd(a, b n )}. For any abelian group G and positive integer n, we write G n for the subgroup of n-torsion elements and G odd for the subgroup of elements of odd order. If G is finite, then we write e(G) for its exponent and #G for its cardinality.
Throughout, we assume that our fields have characteristic 0. For a field k, we let k denote a fixed algebraic closure and let Γ k denote the absolute Galois group Gal(k/k). For any Γ k -module M and any quadratic character χ : Γ k → µ 2 , we write
If k ′ /k is a finite separable extension, then for any i and any
. For any smooth projective geometrically integral variety X over a field k, we let X denote the base change of X to k. We let Pic X denote the Picard group of X, Pic 0 X denote the subgroup of Pic X that maps to the identity component of the Picard scheme, and NS X denote the quotient Pic X/ Pic 0 X, the Néron-Severi group of X; we use ∼ to denote algebraic equivalence of divisors. We write Br X := H 2 et (X, G m ) for the Brauer group of X, Br 1 X := ker(Br X → Br X) for the algebraic Brauer group of X, and Br 0 X := im(Br k → Br X) for the subgroup of constant algebras.
Let E be an elliptic curve over a field k. We write E n for the subgroup scheme of ntorsion elements. A k-rational cyclic subgroup of E is a cyclic subgroup C ⊂ E such that
an isogeny between two elliptic curves, we write φ ∨ for the dual isogeny. We call an isogeny cyclic if its kernel is a cyclic group.
Let Y /k be a principal homogeneous space of an abelian variety A. The period of Y , denoted per(Y ), is the order of Y in the Weil-Châtelet group H 1 (k, A).
1.3.1. Kummer surfaces. Let A be an abelian surface over k, and let f : Y → A be a 2-covering. Then Z := f −1 (O) is a k-torsor for A 2 , and the quotient (A × k Z)/A 2 , where A 2 acts diagonally, is k-isomorphic to Y as a 2-covering. Thus, the antipodal involution ι : A → A acts on Y fixing Z pointwise; elements of Z give rise to the singular locus S of the quotient Y /ι. Let X := Bl S (Y /ι) be the blow-up of Y /ι centered at S. The surface X can also be constructed as the quotient of the blow-up
induced by ι. We call X the Kummer surface associated to Y (or Z) and denote it Kum Y ; it is a K3 surface.
Geometrically, the exceptional divisor of the blow-up map X → Y /ι consists of 16 pairwise disjoint smooth rational curves, each with self-intersection −2. This collection of curves gives a sublattice Z 16 ⊂ NS X whose saturation Λ K is called the Kummer lattice. It is an even, negative-definite rank 16 lattice of discriminant 2 6 whose isomorphism type does not depend on the choice of Y ; see [Nik75] . There is an exact sequence of lattices 
The lattice Λ d depends on the integer d, but not on the specific isogeny E → E ′ of degree d. Indeed, the sequence (1.1) shows that Λ d is generated by some rational combinations of the 16 classes of (−2)-curves, and pullbacks from NS(E × E ′ ). In turn, it is well known that the lattice NS(E × E ′ ) is generated by the classes e, e for helpful conversations. The proof of Theorem 6.11 was informed by a MathOverflow post by Jeremy Rouse [JR] .
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Classification of certain rank 19 K3 surfaces
The goal of this section is to classify K3 surfaces X over a number field k such that X/k ∈ K d ; see Corollary 2.4 below. As a by-product, we classify surfaces Y /k ∈ A 1 d ; see Proposition 2.7.
Proposition 2.1. There is a positive integer M such that for any number field k, and any K3 surface X/k with NS X containing a sublattice isomorphic to Λ K , there is an extension k 0 /k of degree at most M such that X k 0 is a Kummer surface.
Remarks 2.2.
(i) The proof of Proposition 2.1 actually proves much more -it shows that X k 0 is the Kummer surface of an abelian surface A whose 2-torsion is k 0 -rational -at the expense of a very large bound M. It would be interesting to determine whether there is a smaller bound that yields the desired result and nothing stronger. (ii) The proposition can be generalized to any set of fields K for which there is a uniform bound on the degree of a field extension required to split an order 2 element in Br k, independent of the Brauer class and of the field k ∈ K. Such a bound exists for number fields by class field theory.
Theorem 2.3. Let X = Kum Y be a Kummer surface over a field k of characteristic 0, with Y → A the 2-covering associated to X. Assume that X ∈ K d for some positive integer d. Then there exist: a field extension L/k of degree at most 12, elliptic curves E and
Corollary 2.4. There exists a positive integer M 0 such that, for all number fields k, all positive integers d and all surfaces X ∈ K d , there exist: a field extension L 0 /k of degree at most M 0 , elliptic curves E and E ′ over L 0 , and a 2-covering
Proof. This is immediate from Theorem 2.3 and Proposition 2.1.
We begin by proving Proposition 2.1 in §2.1. In §2.2, we study non-CM elliptic curves that are geometrically isogenous; the results therein are used in §2.3 to classify abelian surfaces A such that A ∈ A 1 d for some d. This is used in §2.4 to prove Theorem 2.3.
2.1. Proof of Proposition 2.1. We use Nikulin's work on Kummer surfaces [Nik75] , and the main idea of [Huy15, Lemma 17.2.6]. The group NS X is finitely generated; each of its generators can be represented by a curve which is defined by finitely many equations with finitely many coefficients. Therefore, the image of the representation
is finite. Every finite subgroup of GL r (Z) injects into GL r (F 3 ). Furthermore, r ≤ 20 so | im(ρ)| can be bounded by an absolute constant. Thus, for H := ker(ρ), the degree [k H : k] can also be bounded by an absolute constant.
The hypothesis that NS X contains a sublattice isomorphic to Λ K ensures NS X contains 16 pairwise disjoint (−2)-classes, represented over k by irreducible rational curves [Nik75, Theorem 3] . We claim that these classes can be represented by curves defined over k H . Let 
gives rise to an exact sequence of low-degree terms
This sequence shows that the obstruction to divisibility by 2 of the class 
, and hence a double cover morphism
The preimage of i D i consists of 16 pairwise disjoint rational curves with self-intersection −1. Contracting these curves gives rise to a surface Y /k 0 . The classification of surfaces (see, for example, [Bea96] ) implies that Y is an abelian surface, and so Y is a principal homogeneous space under its Albanese variety A. There is an involution Y → Y associated to the double cover Y → X k 0 , which geometrically is the [−1] map and whose fixed locus consists of the preimages of i D i . This involution in turn gives rise to an involution Y → Y whose fixed locus Z consists of 16 geometric points and is a torsor of A 2 . Thus Y is a 2-covering and X k 0 is a Kummer surface. As [k H : k] is absolutely bounded,
As pointed out in Remark 2.2(i), this proof actually shows that X k 0 is a Kummer surface of an abelian surface A such that A 2 ⊂ A(k 0 ). Indeed, our determination of k H implies that each D i is defined over k 0 and so Z ⊂ Y consists of 16 k 0 -rational points.
Geometrically isogenous non-CM elliptic curves.
Proposition 2.5. Let E, E ′ be non-CM elliptic curves over a field k of characteristic 0. Assume that there exists a cyclic isogeny φ : E → E ′ . Then C := ker φ is defined over k and there exists a δ ∈ k × /k ×2 such that E ′δ ∼ = E/C. In particular, there exists a unique cyclic isogeny φ k(
that agrees with φ.
We begin with a lemma.
Lemma 2.6. Let E be a non-CM elliptic curve over a field k of characteristic 0 and let
Proof. Let φ denote the quotient isogeny E → E/C and let ψ denote the composition of
Note that φ and ψ are both isogenies and ker φ = C and ker
This is an isogeny of degree d
2
; since E is non-CM, it must be equal to ± [d] . Hence ψ = ±φ by the uniqueness of the dual isogeny and so
Proof of Proposition 2.5. There is a Galois extension L/k over which C is defined. Since E
Thus, Lemma 2.6 applied over k yields that C = σ(C) for all σ ∈ Gal(L/k). Thus C is k-rational, and we may take L = k above. This completes the proof.
Geometric products of elliptic curves.
Proposition 2.7. Let A be an abelian surface over a field k such that
Lemma 2.8. Let A be an abelian surface over an algebraically closed field such that NS A contains a hyperbolic plane. Then A is isomorphic to a product of elliptic curves. In addition,
• if rank NS A = 2, then the elliptic curves are not isogenous,
• if rank NS A = 3, then the elliptic curves are non-CM, isogenous, and the degree of a cyclic isogeny between them is Proof. Let e 1 and e 2 generate a hyperbolic plane contained in NS A, so e 2 1 = e 2 2 = 0 and e 1 ·e 2 = 1. Let D be a divisor on A representing the class e 1 +e 2 . By [Kan94, Corollary 2.2(b)], either D or −D is ample, because D 2 > 0; assume without loss of generality that D is ample. Using [Kan94, Proposition 2.3], we conclude that for i = 1 and 2, the class e i is represented by a multiple m i E i of an elliptic curve E i , and
we have m i = 1. Translating the curves E 1 and E 2 if necessary, we may assume they are elliptic subgroups of A. We may thus define a morphism of abelian varieties φ : A → A/E 1 × A/E 2 using projections. Let (P + E 1 , Q + E 2 ) ∈ A/E 1 × A/E 2 . Since P + E 1 ∼ E 1 and Q + E 2 ∼ E 2 , and E 1 · E 2 = 1, there exists a unique point R ∈ A such that φ(R) = (P + E 1 , Q + E 2 ). Hence, φ is an isogeny of degree 1, i.e., an isomorphism.
Note that we have group isomorphisms
This proves all the remaining statements except for the computation of the degree of a cyclic isogeny E 1 → E 2 when rank NS A = 3. Assume that rank NS A = 3. Then E 1 and E 2 are non-CM, and we have Hom(E 1 , E 2 ) = φ , where φ :
is the graph of φ and the images of
Hence, a simple calculation shows that disc NS(
Proof of Proposition 2.7. Part (2) of the proposition follows from (1), Lemma 2.8, and Proposition 2.5. Hence, we reduce to proving (1).
denote the coarse moduli space of elliptic curves, parametrized by their jinvariant. The coarse moduli space A 2 of principally polarized abelian surfaces contains the Humbert surface
, which is the locus of abelian surfaces with product structure. By Lemma 2.8, there exist non-CM geometrically isogenous elliptic curves E and E ′ over k such that A ∼ = E × E ′ . Thus the surface A gives rise to a point x ∈ H 1 (k), with coordinates
and thus x ∈ H 1 (k). Therefore j(E) + j(E ′ ) and j(E) · j(E ′ ) belong to k, and so there is an extension k 0 /k of degree at most 2 such that j(E), j(E ′ ) ∈ k 0 . Since j(E), j(E ′ ) ∈ k 0 , we may assume that E, E ′ are defined over k 0 . By Proposition 2.5, after possibly replacing E ′ with a quadratic twist, we may assume that E and E ′ are isogenous over k 0 ; let ψ : E → E ′ be a cyclic isogeny defined over k 0 and let d := deg(ψ). Since
, so corresponds to an element of
The abelian surface A k 0 is isomorphic to a product of elliptic curves if
Thus to prove (1) it suffices to show that for any element
Since E and E ′ are k 0 -isogenous non-CM elliptic curves, we have
.
The image of ϕ must be a profinite subgroup of the discrete group Aut(E × E ′ ), hence must be finite. Furthermore, by (2.2), every element of Aut(E × E ′ ) has integer trace and determinant. Thus, the following lemma completes the proof.
Lemma 2.9. Let G be a finite subgroup of GL 2 (R) such that Tr(x), det(x) ∈ Q for all x ∈ G. Then G is isomorphic to a cyclic group of order 1, 2, 3, 4, or 6 or a dihedral group of order 4, 6, 8, or 12. In addition, if G is isomorphic to a dihedral group of order 4, 8 or 12, then −I ∈ G.
Proof. Since every compact group of SL 2 (R) is conjugate to a subgroup of SO 2 (R) [Iwa49,
, so is cyclic. Therefore, G is either cyclic or an extension of Z/2Z by a cyclic group. Let x ∈ G. Since the trace and determinant of x are rational numbers and the minimal polynomial of x divides T |G| − 1, the characteristic polynomial of x must be one of the following
Therefore, any x ∈ G has order equal to 1, 2, 3, 4 or 6, and if x ∈ G \ G + , then x has order 2. Hence G is a cyclic group of order 1, 2, 3, 4 or 6 or it is a dihedral group of order 4, 6, 8, or 12.
Assume that G is a dihedral group of order 4, 8 or 12. Then G + is a cyclic group of even order, hence contains an element g of order 2. Since g ∈ G + , the minimal polynomial of g must be a proper divisor of T 2 − 1, and so g = −I.
2.4. Proof of Theorem 2.3. The exact sequence (1.1) and the isomorphism NS X ∼ = Λ d imply that A ∈ A
Bounds on the Brauer group in terms of Galois-invariant homomorphisms
Let Y /k be a surface such that Y ∈ A N d for some integers N and d, so in particular Y is a principal homogeneous space under A := Alb Y . Since, as lattices, NS Y ∼ = NS A, Proposition 2.7 gives a field extension L/k of degree at most 12, and a pair of elliptic curves
As a first step towards bounding the n-torsion of the group Br Y / Br 1 Y , we show that the group (Br Y / Br 1 Y ) n can be embedded into a group determined by Galois-invariant homomorphisms associated to E and E ′ , after possibly extending the ground field to a field whose degree is bounded by a constant depending only on the period of Y . More precisely, we prove the following theorem. 
where L ′ denotes the compositum of k ′ and L. If n is relatively prime to per(Y ) and L = k, then this injection is an isomorphism.
Work of Skorobogatov and Zarhin allows us to extend Theorem 3.1 to Kummer surfaces with geometric Néron-Severi lattice isomorphic to Λ d . Indeed, if X = Kum Y is a Kummer surface over a field k of characteristic 0 and π :Ỹ → X is the associated degree 2 quotient map then the proof of [SZ12, Thm. 2.4] shows that for any positive integer n, the map π * induces an injection Corollary 3.2. Let X = Kum Y be a Kummer surface over a field k of characteristic 0 such that X ∈ K d for some d, and let L, E, and E ′ be as above. There is a field extension
where L ′ denotes the compositum of k ′ and L. If n is odd or Y is the trivial 2-covering, then we may take k ′ = k. If n is odd and L = k ′ = k, then this injection is an isomorphism.
In §3.1 we show that if f : Y → A is an N-covering of an abelian variety, and if n is coprime to N, then (Br Y ) n /(Br 1 Y ) n is isomorphic to (Br A) n /(Br 1 A) n . In §3.2, we use [SZ12, Prop. 3 .3] to show that for an abelian surface A as above, the group (Br A) n /(Br 1 A) n injects into a quotient of Galois invariant homomorphisms between the n-torsion of two elliptic curves. We then combine these ingredients in §3.3 to give a proof of Theorem 3.1.
3.1. Brauer groups of N-coverings of abelian varieties. Proposition 3.3. Let N be a positive integer, let Y and Y ′ be principal homogeneous spaces of an abelian variety A, both defined over k, and let f : Y ′ → Y be an N-covering. Then for any integer n that is coprime to N, we have
Proof. Since f is a N-covering, it is dominant and finite of degree . This completes the proof of injectivity. We continue with the proof of surjectivity.
The above facts already imply that f *
gives an isomorphism of Galois modules (Br Y ) n ∼ = (Br Y ′ ) n for any integer n coprime to N. Combining the above with [CTS13, Prop. 1.3], we obtain the following commutative diagram with exact rows:
Since the diagram has exact rows and commutes, this implies that f * δ(β) = 0. We claim that the kernel of f * :
is an N-primary group. If so, then δ(β) = 0 and so
It remains to prove the claim. We factor
and consider the two short exact sequences
Since coker f * and ker f * are N-primary, both H 1 (k, coker f * ) and H 2 (k, ker f * ) are also Nprimary. Thus, by the long exact sequences in cohomology associated to the above two short exact sequences, the kernel of the composition
is also N-primary, which completes the proof of the claim.
3.2. Brauer groups of abelian surfaces that are geometrically products. Let A be an abelian surface over k such that A ∈ A 
′ be the associated elliptic curves over the extension L as above. Then for all n we have an injection 
Composing with the injection (Br
3.3. Proof of Theorem 3.1. Recall that A = Alb Y . For any positive integer n,
We claim that we have the following inclusions and isomorphisms
From left to right, the first map is an isomorphism by Proposition 3.3, the second is an inclusion by the definition of the algebraic Brauer group, the third map is an isomorphism because Y 4. Galois-equivariant homomorphisms between E n and E ′ n Let E and E ′ be non-CM elliptic curves over a field k with a geometric cyclic isogeny of degree d between them. Then by Proposition 2.5, there is δ ∈ k × /k
×2
such that E and E ′δ are k-isogenous.
Theorem 4.1. Let E and E ′ be geometrically isogenous non-CM elliptic curves over a field k of characteristic 0; let d and δ be as above. For any positive integer n we have the following divisibility relations for cardinalities and exponents.
(
, and
Parts (1) and (2) of Theorem 4.1 are proved in §4.2 and §4.3, respectively.
4.1. Galois action on isogenies.
Lemma 4.2. Let E and E ′ be non-CM geometrically isogenous elliptic curves over a field k of characteristic 0. Then
Proof. Since E and E ′ are non-CM isogenous curves, Hom(E, E ′ ) = Zφ where φ is a cyclic k-isogeny. By Proposition 2.5 the action of
if and only if E and E ′ are k-isogenous. In the case where δ / ∈ k
, then Proposition 2.5 implies that φ is the composition of a k-rational cyclic isogeny
In particular, the nontrivial element of
Z/nZ, this completes the proof.
4.2.
A k-rational cyclic isogeny. Proposition 4.3. Let n be a positive integer and let E, E ′ be non-CM elliptic curves over a field k of characteristic 0. Assume that there exists a degree d cyclic k-isogeny φ : E → E ′ . Then composition with φ ∨ induces a homomorphism
where the kernel is a cyclic group of order dividing m := gcd(d, n) and the cokernel is mtorsion.
Theorem 4.1(1) is a corollary of this proposition.
To prove the Proposition, we begin with two lemmas.
Lemma 4.4. Let E, E ′ , E ′′ be elliptic curves, let g : E → E ′ be a cyclic isogeny of degree d, and let n, n ′ be positive integers such that n
, this gives the desired containment.
Lemma 4.5. Let n be a positive integer and let E, E ′ be elliptic curves over k. Assume that there exists a cyclic degree d k-isogeny φ : E → E ′ . Then there is a short exact sequence of
Proof. The first map is clearly injective. Thus to prove the lemma, it suffices compute the kernel and image of
). An application of Lemma 4.4 with n ′ = 1 and g = φ ∨ implies that the image of (− • φ ∨ ) is equal to H. Another application of Lemma 4.4 with n ′ = n/m and g = φ shows that the kernel of (− • φ ∨ ) is equal to the image of Hom(φ(E m ), E ′ n ), which completes the proof. Proof of Proposition 4.3. We consider the following diagram.
We claim that this diagram is commutative and has exact rows and columns. The commutativity and exactness of the middle two rows is clear. Since E and E ′ are non-CM and φ is a k-isogeny, Hom(E, E ′ ) = Zφ and End(E ′ ) = Z as Galois modules. Thus the leftmost column is exact. The rightmost column is exact by definition. Taking Γ k -invariants of the exact sequence in Lemma 4.5 gives exactness of the middle column. Since the maps in the top and bottom rows are induced by the maps in the middle two, the remaining squares commute.
The proposition is concerned with the rightmost column of the above diagram; we must prove that ker(−•φ ∨ ) is a cyclic group of order dividing m and that coker(−•φ ∨ ) is m-torsion. Let f ∈ End k (E ′ n ) and let a ∈ Z be an inverse of d/m modulo n; then We claim that the bottom leftmost horizontal arrow is injective. If so, then the snake lemma implies that 
4.3.
A geometric, non k-rational isogeny. In this section we consider the case of two non-CM geometrically isogenous elliptic curves E, E ′ over k that are not k-isogenous. By Proposition 2.5, there exists a unique nontrivial δ ∈ k × /k
×2
such that E and E ′δ are kisogenous.
Proposition 4.6. Let E and E ′ be non-CM geometrically isogenous elliptic curves over k, that are not isogenous over k and let δ ∈ k × /k ×2 be such that E and E ′ δ are k-isogenous. Let d be the degree of a cyclic isogeny between E and E ′ δ . Then there is a homomorphism
whose kernel has order at most gcd(2, n) 4 gcd(d, n) 2 and exponent at most gcd(2, n) gcd(d, n) 2 .
Theorem 4.1(2) is a corollary of this proposition.
The homomorphism in Proposition 4.6 is obtained as the composition of two homomorphisms:
and
We first study each homomorphism individually.
Proposition 4.7. Let E and E ′ be non-CM elliptic curves over k. Assume that there exists a nontrivial δ ∈ k × /k ×2 such that E and E ′δ are isogenous over k. Then there is an exact sequence.
Proof. First let us verify that each quotient is defined. This is immediate for the middle and right quotient. The left quotient is defined by Lemma 4.2.
Then we have a homomorphism
The kernel of this homomorphism consists of all maps ψ ∈ Hom k (E n , E
Since f is an isomorphism, this implies that 2ψ = 0, or equivalently that im ψ ⊂ E ′ gcd(2,n) . Thus, we have an exact sequence.
Lemma 4.2 then completes the proof.
Proposition 4.8. Let n be a positive integer, let E, E be non-CM elliptic curves over a field k, let k ′ /k be a quadratic extension, and let χ be the quadratic character associated to k ′ /k. Assume that there exists a cyclic k-isogeny φ : E → E, let d = deg(φ), and let m = gcd(d, n). Then composition with φ ∨ induces a homomorphism
Furthermore, the kernel K of this homomorphism fits in an exact sequence
so K is a finite abelian group with order dividing m 2 gcd(m, 2) and exponent dividing m 2 .
Proof.
. By Lemma 4.5, we have an exact sequence of Γ k -modules
By taking the long exact sequences in Galois cohomology for Γ k and Γ k ′ , we have the following commutative diagram with exact rows and columns.
, K is the kernel of the right-most vertical map in the above diagram. Hence, the snake lemma applied to the middle two rows yields
By the inflation-restriction exact sequence, ker Res
The cocycle condition implies that the nontrivial element of Γ k /Γ k ′ must be sent to an element of Hom k ′ (φ(E m ), E m ) χ which yields the desired exact sequence for K.
Since m | d, we have a group isomorphism φ(E m ) ∼ = Z/mZ, and so
. On the other hand, the natural inclusion φ(E m ) ⊂ E m , together with composition by multiplication by an integer, shows that
. The natural inclusion φ(E m ) ⊂ E m and its compositions with multiplication by an integer yield a Γ k -homomorphism Z/mZ ֒→ Hom k ′ (φ(E m ), E m ). However, the only such maps that satisfy ψ σ = −ψ are those in the image of the subgroup
χ is a subgroup of Z/ gcd(m, 2)Z × Z/mZ. Hence, K is an abelian extension of a subgroup of Z/ gcd(m, 2)Z × Z/mZ by a subgroup of Z/mZ.
Proof of Proposition 4.6. Consider the homomorphism ϕ obtained as the composition of
where ϕ 1 is as in Proposition 4.7 and ϕ 2 is as in Proposition 4.8. Hence ker ϕ is an extension of a subgroup of ker ϕ 2 by ker ϕ 1 and so #(ker ϕ) | #(ker ϕ 1 )#(ker ϕ 2 ) and e(ker ϕ) | e(ker ϕ 1 )e(ker ϕ 2 ).
The exponent and order of ker ϕ 2 are bounded by Proposition 4.8, so it remains to study ker ϕ 1 . By Proposition 4.7,
, a choice of 2 generators for E n determines a group isomorphism
. Hence by Lemma 4.2, ker ϕ 1 is a subgroup of (Z/ gcd(2, n)Z) 3 .
Elliptic curves and abelian representations
5.1. Galois-equivariant endomorphisms of E n . Let n be a positive integer and let E be an elliptic curve over a field k of characteristic 0. Let
denote the Galois representation coming from the action of Galois on the n-torsion of E, and let G E,n denote the quotient of the image of ρ E,n modulo scalar matrices.
The image of ρ E,n determines the ring of Galois equivariant endomorphisms of E n , namely End k (E n ) is the subring of End(E n ) that commutes with all elements of ρ E,n (Γ k ).
Proposition 5.1. Let ℓ be a prime, let s be a positive integer, and let E be an elliptic curve over a field k of characteristic 0. Then
Corollary 5.2. Let E be an elliptic curve over k and let n be a positive integer. Then we have an isomorphism of abelian groups
for positive integers n 2 |n 1 |n. Furthermore, n 1 is the largest integer dividing n such that Gal(k(E n 1 )/k) is abelian and n 2 is the largest integer dividing n such that
Proof. Note that k(E n ) is the compositum of k(E ℓ n(ℓ) ) where n(ℓ) = v ℓ (n). Thus, we have an inclusion
Furthermore, for each prime ℓ we have a surjection
, the fundamental theorem of finitely generated abelian groups implies that
Corollary 5.3. Let E be an elliptic curve over k and let n be a positive integer. Let k ′ /k be a field extension. Then we have an isomorphism of abelian groups
where n ′ 1 (respectively n 1 ) is the largest integer dividing n such that Gal(k
Proof. This follows from Corollary 5.2.
The following lemma will be useful in the proof of Proposition 5.1.
Lemma 5.4. Let ℓ be a prime, let s be a positive integer, and let A ∈ M 2 (Z/ℓ s Z) be a non-central element. Let µ < s be the maximal non-negative integer such that A ∈ ZI mod M 2 (ℓ µ Z/ℓ s Z). Then the ring
is generated by I and a matrix
one of α − δ, β, or γ is nonzero modulo ℓ s and so the quantity min(v ℓ (α − δ), v ℓ (β), v ℓ (γ)) is well-defined, and is equal to µ < s. An elementary algebra calculation shows that a matrix Thus, any matrix M that commutes with A is such that ℓ µ M ∈ ZA + ZI. This completes the proof.
Proof of Proposition 5.1. After fixing a basis for E ℓ s , we identify End(E ℓ s ) with M 2 (Z/ℓ s Z) and Aut(E ℓ s ) with
Now assume that the image of ρ E,ℓ s is nonabelian, and let M 1 and M 2 be two elements in the image that do not commute with each other. Suppose that
is an F ℓ -vector space of dimension greater than 1 and let A ∈ M 2 (Z/ℓ s Z) be a matrix representing a non-scalar element. Since A mod ℓ is not a scalar matrix, Lemma 5.4 implies that M 1 and M 2 must both be linear combinations of I and A. As M 1 and M 2 do not commute with each other, this gives a contradiction. Hence,
consists only of scalar matrices.
It remains to consider the case that G E,ℓ s = {1} and that the image of ρ E,ℓ s is abelian. Fix an element A ∈ im ρ E,ℓ s that does not reduce to the identity in G E,ℓ s . Since im ρ E,ℓ s is abelian, Lemma 5.4 implies that im ρ E,ℓ s mod M 2 (ℓZ/ℓ s Z) is contained in the ring generated by I and A ′ where ℓ µ A ′ − A ∈ ZI for a maximal µ. Hence,
Another application of Lemma 5.4 then shows that this quotient is 2-dimensional.
Abelian subgroups of GL
Proposition 5.5. Let s be a positive integer, and put s ′ = ⌈s/2⌉. Let ℓ be a prime, and let H < GL 2 (Z/ℓ s Z) be an abelian subgroup. There exists
Proof. For A ∈ H, define µ A = max{µ : A ≡ scalar matrix mod ℓ µ }, and let µ = min{µ A : A ∈ H}. Pick A ∈ H such that µ A = µ, and let 
where K is the kernel of reduction. Our work above shows that an element of H ′ is a linear combination of I and A ′ with coefficients in Z/ℓ s ′ Z, and hence
. To bound the order of K, we note that K is contained in the kernel of the reduction map
. An element of this kernel has the form I + M for some
. Putting these facts together, we obtain
Corollary 5.6. Let ℓ be an odd prime, let s be a positive integer, let s ′ := ⌈ s 2 ⌉, and let H < GL 2 (Z/ℓ s Z) be an abelian subgroup. Then H mod M 2 (ℓ s ′ Z/ℓ s Z) is conjugate to a subgroup of one of the following groups.
and ε, ε, t chosen such that εℓ t is not a square , or x y 0 x + ℓ t y (with ε, t as above), then H must be contained in
′ mod ℓ is not a scalar matrix, the minimal polynomial of A ′ has degree 2 and thus is equal to the characteristic polynomial of A ′ which is also equal to the mod ℓ reduction of the characteristic polynomial of Now assume that the characteristic polynomial of A ′ is reducible and the characteristic polynomial of A ′ mod ℓ is a square. Then the roots of the characteristic polynomial are of the form x, x + ℓ t y for some 1 ≤ t ≤ s, x, y ∈ Z/ℓ s Z; we may assume that y is invertible by taking t maximally. By the above, this is equivalent to the case where A ′ is conjugate to 0 −x 2 − ℓ t xy 1 2x + ℓ t y . Then we observe that 
, y ∈ (Z/ℓ s Z)
× and x = tr(A ′ )/2. Observe that for any c, d ∈ Z/ℓ s Z, we have
Since y is a unit, there exists a choice of c, d
is conjugate to a matrix of the form x εℓ t y y x .
5.3. Modular curves. Fix a positive integer n. Let Y (n) be the coarse space of the moduli stack parametrizing elliptic curves with full level-n structure up to isomorphism, i.e., pairs (E, ψ), where E → S is an elliptic curve over a base scheme S/Q and ψ is an isomorphism
We do not require this isomorphism to be compatible with the Weil pairing. Two pairs (E, ψ) and
commutes; we write [E, ψ] for the isomorphism class of (E, ψ). The modular curve Y (n) and its compactification X(n), obtained by suitably adding cusps to Y (n), have models defined over Q. These models are not geometrically connected because we did not insist on the compatibility of ψ with the Weil pairing. In fact, over Q, the curve Y (n) Q has ϕ(n) components (here ϕ denotes the usual Euler totient function), one for each symplectic pairing on Z/nZ × Z/nZ. We use j(E) to denote the class of a point
and this action extends uniquely to X(n). The quotient X(n)/H is a curve defined over Q; conjugate subgroups give rise to isomorphic quotient curves [DR73, IV.3]. We write [E, ψ] for the image of a point [E, ψ] in X(n)/H. Points of X(n)/H are related to the Galois representation ρ E,n as follows.
Lemma 5.7. Let n be a positive integer and let k be a field of characteristic 0. There exists a noncuspidal k point x ∈ X(n)/H if and only if there exists an elliptic curve E over k with j(E) = j(x) such that im ρ E,n is contained in H (up to conjugacy).
Proof. By [DR73, VI, Prop. 3.2], there is a non-cuspidal k-point x ∈ X(n)/H if and only if there exists an elliptic curve E over k with j(E) = j(x) and an isomorphism ψ : (Z/nZ) 2 → E n such that [E, ψ] = x ∈ (X(n)/H)(k). Then we use the following well-known equivalence: Given an elliptic curve E over k, there exists an isomorphism ψ : Z/nZ × Z/nZ → E n such that [E, ψ] defines a k-point on X(n)/H if and only if im ρ E,n is contained in a subgroup of GL 2 (Z/nZ) conjugate to H. In the forward direction, ψ is used to identify Aut(E n ) with GL 2 (Z/nZ) in the definition of the representation ρ E,n . In the backward direction, ρ E,n is assumed to come with an identification of Aut(E n ) with GL 2 (Z/nZ), and the representation is used to construct ψ. See, e.g., [RZB15,  to the modular curve X(1).
Proposition 5.8. Let E be an elliptic curve over a field k of characteristic 0, let ℓ be an odd prime, let s be a positive integer, and let s ′ := ⌈s/2⌉. If the extension k(E ℓ s )/k is abelian, then j(E) ∈ X(1)(k) is the image of a k-rational point from one of the curves X s (ℓ
, then there exists an elliptic curve E/k with j(E) = j, such that the field extension k(E ℓ s )/k is abelian.
Hence, by Lemma 5.7, there is a k-rational point on one of the curves X s (ℓ
, by Lemma 5.7 there is an elliptic curve E/k whose j-invariant is the image of P in X(1), and such that im ρ E,ℓ s is conjugate to a subgroup of
Equivalence of uniform bounds
In this section we prove the equivalence among strong uniform boundedness statements for the size of the Brauer group (modulo algebraic classes) of certain principal homogeneous spaces of abelian surfaces, for their associated K3 surfaces, for the existence of abelian ndivision fields, and for rational points on certain modular curves. In addition to the results stated in §1, we also prove the following. 
(Ab) For all positive integers r ′ , there exists a
(EC) For all positive integers r ′′ , there exists a B ′′ = B ′′ (r ′′ , d) such that for all number fields k ′′ of degree at most r ′′ and all non-CM elliptic curves E/k ′′ with a k ′′ -rational cyclic subgroup of order d, 
Remark 6.2. Let r be a positive integer. If the modular curve X 0 (d) has no non-CM noncuspidal degree r points for d sufficiently large, then Theorem 6.1 holds without the dependence on d. Indeed if X 0 (d) has no non-CM noncuspidal degree r points for d sufficiently large, then (K3), (Ab), (EC), and (M) trivially hold for d sufficiently large.
In §6.1, we show that the existence of a uniform bound on Br X/ Br 0 X for K3 surfaces with fixed geometric Néron-Severi lattice reduces to a bound on the exponent of Br X/ Br 1 X. In §6.2, we show that for Y ∈ A N d , the existence of order n elements in Br Y / Br 1 Y is related to the existence of an abelian representation of the Galois group attached to E n , for E some elliptic curve. These results are used in §6.3 to prove Theorem 1.3. We prove Theorem 1.5 in §6.4, and use it in the proof of Theorem 6.1 in §6.5. Finally, we prove Theorem 1.8 in §6.6.
L is the compositum of L andk and c is as in (6.1). If n is odd or if X is a Kummer surface (i.e., Y is the trivial 2-covering), then we may takek = k.
Proof. This follows from (3.1).
Corollary 6.8. Let X be a K3 surface over a field k of characteristic 0 such that NS X ∼ = Λ d , and let n be a positive integer. Suppose that the quotient Br X/ Br 1 X contains an element of order n. Then there is a field extensionL/k whose degree is uniformly bounded (independent of X, k, d and n) and an elliptic curve
Proof. By Corollary 2.4, there exist: a field L 0 /k whose degree is uniformly bounded, elliptic
, such that X L 0 = Kum Y and there is a cyclic isogeny φ : E → E ′ of degree d. Hence, Corollary 6.7 implies that there is an extensioñ k/L 0 of degree at most 16 such that
Proof of Theorem 6.5. Suppose that Br Y / Br 1 Y contains an element of order n. Then there exists an integer n ′ that is a power of n such that (Br Y ) n ′ /(Br 1 Y ) n ′ has an element of order n. Hence by Theorem 3.1, there exists a field extension k ′ /k of degree at most
such that
contains an element of order n; here L ′ denotes the compositum of L and k ′ . Furthermore, if n is relatively prime to per(Y ), we may take
, then Theorem 4.1 implies that
has an element of order n/ gcd(d, n). Hence, the result follows from Corollary 5.
, then Theorem 4.1 yields an element of order n/ gcd(n, gcd(2, n)
Again, the result follows from Corollary 5.2.
Theorem 6.9. Let n be a positive integer, let E ′ be a non-CM elliptic curve over a field k of characteristic 0, with a k-rational cyclic subgroup C of degree d, and let E = E ′ /C. Let W and W ′ be principal homogeneous spaces of E and E ′ , respectively, with periods coprime to n, and let
has an element of order n. Hence,
has an element of order n/ gcd(d, n) by Proposition 4.3. Since n is coprime to per(W ) per(W ′ ) and L = k, Theorem 3.1 completes the proof.
Corollary 6.10. Let n, E, E ′ , W, W ′ be as in Theorem 6.9. Suppose further that W and W ′ have period dividing 2, so that we may define 6.4. Uniform bounds on ℓ-primary parts.
Theorem 6.11. Let ℓ be a prime integer and let r be a positive integer. There exists a positive constant B = B(ℓ, r) such that for all number fields L of degree at most r and all elliptic curves E/L, the extension L(E ℓ s )/L is nonabelian whenever s > B.
Proof. By Proposition 5.5 and [Abr96] , for sufficiently large s, the gonality of X(ℓ s )/H is greater than 2r for all abelian subgroups H < GL 2 (Z/ℓ s Z). Since there are finitely many abelian subgroups H < GL 2 (Z/ℓ s Z), a result of Frey [Fre94] implies that J(s 0 ) is a finite set.
Assume that there exists j ∈ J(s 0 ). For E a non-CM elliptic curve over L, the image of ρ E,ℓ s 0 is abelian if and only if the image of ρ E ′ ,ℓ s 0 is abelian for any twist E ′ of E. Furthermore, for any elliptic curve, im ρ E,ℓ ∞ is an open subgroup of GL 2 (Z ℓ ) [Ser98, p. IV-11]. Thus, by Lemma 5.7, there exists a positive integer s(j) such that for all s ′ > s(j) and all abelian subgroups H ′ < GL 2 (Z/ℓ s ′ Z), there is no point on X(ℓ s ′ )/H ′ of degree at most r that maps to j. By definition of s(j), we have J(S) = ∅ whenever S > max j∈J(s 0 ) s(j). Therefore, after increasing s 0 we may assume that J(s 0 ) = ∅.
Assume that J(s 0 ) = ∅. For s ′ ≥ s 0 and H ′ < GL 2 (Z/ℓ s ′ Z) we have Q-morphisms
so J(s ′ ) = ∅. Thus by Lemma 5.7, for any number field L of degree at most r and any elliptic curve E/L, the extension L(E ℓ s ) is nonabelian for all s ≥ s 0 . Hence we obtain a bound for s that depends only on ℓ and r.
Proof of Theorem 1.5. Let ℓ be a prime, let k be a number field of degree at most r, and let Y /k ∈ N A 6.5. Proof of Theorem 6.1. By Theorems 6.11 and 1.5 and Corollary 1.6 for ℓ = 2, (EC), (Ab), and (K3) from Theorem 1.3 are equivalent, respectively, to (EC), (Ab), and (K3) from Theorem 6.1. Hence, it suffices to prove that one of these statements are equivalent to (M). 
